


















THE POINCARE´ SERIES FOR THE ALGEBRA OF INVARIANTS OF
n-ARY FORM
LEONID BEDRATYUK
Abstract. The formula for the Poincare series of the algebra of invariant of n-ary form is
found.
1. Introduction
Let Vn,d be the vector C-space of n-ary forms of degree d endowed with the natural action of
the algebra sln. Denote by In,d := C[Vn,d]
sln the algebra of sln-invariant polynomial functions.
The algebra In,d is a graded algebra
In,d = (In,d)0 ⊕ (In,d)1 ⊕ · · · ⊕ (In,d)k ⊕ · · · ,
here (In,d)k is the subspace of homogeneous invariants of degree k. Denote νn,d(k) := dim(In,d)k.







of the algebra invariants In,d.
2. Poincare´ series
Consider the Lie algebra sln and let Ek,i denote the matrix that has a one in the k-th row
and i-th column and that has zeros elsewhere. Let
h = {e1E1,1 + e2E2,2 + · · ·+ enEn,n | e1 + e2 + · · ·+ en = 0, ei ∈ C},
be the Cartan subalgebra of sln. Define Li ∈ h
∗ by Li(Ej,j) = δi,j . Let αi,j = Li − Lj ,
1 6 i < j 6 n are the positive roots sln and let φi = L1 +L2 + . . .+Li, i = 1, . . . , n− 1 are the
fundamental weights. The matrices
H1 := E1, 1−E2, 2, H2 := E2, 2−E3, 3, . . .Hn−1 := En−1, n−1−En, n
generate the Cartan subalgebra of the Lie algebra sln. It is easy to check that φi(Hj) = δi,j .
Denote by λ = (λ1, λ2, . . . , λn−1) the weight
λ1φ1 + λ2φ2 + . . .+ λn−1φn−1, λi ∈ Z.
In the notation the half of sum of all positive roots ρ equals (1, 1, . . . , 1).









where W is the Weyl group of sln, {µ} is the unique dominant weight on the orbit W(µ),
cn,d(k, µ) := cn,d(k, (µ1, µ2, . . . , µn−1)) is the number of non-negative integer solutions of the
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system of equations for the indeterminates αi

ω2(α)− ω1(α) = µ1,
. . .
ωn−1(α)− ωn−2(α) = µn−2,






is αi, In,d := {i := (i1, i2, . . . , in−1) ∈ Z
n−1
+ , |i| ≤ d}, |i| := i1 + · · ·+ in−1.
Let us derive now the formula for calculation of νn,d(k). Solving the system (2) for ω1(α),





























































is equal to the coefficient of tk(q1q2 . . . qn−1)
k d
n of the expansion of the series






2 · · · q
ηn−1
n−1
) , η = (η1, η2, . . . , ηn−1) ∈ Zn−1+ .
Denote it in such a way:
cn,d(k, (0, 0, . . . , 0)) =
[




Rn,d(t, q1q2 . . . qn−1).
Then, for a set of nonnegative integer numbers µ := (µ1, µ2, . . . , µn−1) the number
cn,d(k, (µ1, µ2, . . . , µn−1)),
of integer nonnegative solutions of the system (4) equals













Rn,d(t, q1 . . . qn−1) =
=
[







1 · · · q
µ′n−1













, i = 1, . . . , n− 1.
By using the multi-index notation qµ := qµ11 · · · q
µn−1




























Let us recall that the Poincare´ series Pn,d(t) of the algebra of invariants In,d is the ordinary






f(t, q1, q2, . . . , qn−1)
dq1 . . . dqn−1


















































































) dq1 . . . dqn−1


















































Let us consider the case of binary form. We have h = 〈H1〉, where H1 = E1,1 − E2,2. There
exist the positive root α = L1 − L2 = 2L1 and the fundamental weight φ1 = L1. The half the
positive root ρ is equal to L1. The Weyl group is generated by the reflecsion sα, (−1)
sα = −1.
The orbit of weight ρ consists of the two weights φ1 and −φ1 and we have ρ−W(ρ) = {0, 2φ1}.
Therefore
ν2,d(k) = c2,d(k, 0)− c2,d(k, 2),
where c2,d(k,m)is the number of nonnegative integer solutions of the equation












(1− t)(1− tz) . . . (1− tzd)
= [tk]
1− z2











It is a well known formula. For instance, in [2] it derived from the Molien-Weyl formula.
Let us now consider the case of ternary form. We have φ1 = L1, φ2 = L1 + L2. The positive
roots are
α1 := L1 − L2 = 2φ1 − φ2 = (2,−1),
α2 := L2 − L3 = −φ1 + 2φ2 = (−1, 2),
α3 := L1 − L3 = φ1 + φ2 = (1, 1).
Then half the sum of the positive roots ρ is equal to (1, 1). The Weyl group of Lie algebra sl3
is generated by the three reflections sα1 , sα2 , sα3 . The orbit W(ρ) consists of 6 weights – (1,1)
and
sα1(1, 1) = (−1, 2), (−1)
|sα1 | = −1,
sα2(1, 1) = (2,−1), (−1)
|sα2 | = −1,
sα3(1, 1) = (−1,−1), (−1)
|sα3 | = −1,
sα1sα3(1, 1) = (1,−2), (−1)
|sα1sα3 | = 1,
sα3sα1(1, 1) = (−2, 1), (−1)
|sα3sα1 | = 1,
5Therefore
ρ−W(ρ) = {(0, 0), (2,−1), (−1, 2), (2, 2), (0, 3), (3, 0)}.
By (1) we obtain
ν3,d(k) = c3,d(k, (0, 0))− 2 c3,d(k, (1, 1))− c3,d(k, (2, 2)) + c3,d(k, (0, 3)) + c3,d(k, (3, 0)).
We have























It implies that (0, 0)′ = (0, 0), (1, 1)′ = (1, 0), (2, 2)′ = (2, 0), (0, 3)′ = (1, 1), (3, 0)′ = (2,−1).
Therefore
c3,d(k, (0, 0)) = [t
k(pq)
dk
3 ]R3,d(t, p, q), c3,d(k, (1, 1)) = [t
k(pq)
dk
3 ]pR3,d(t, p, q),
c3,d(k, (2, 2)) = [t
k(pq)
dk
3 ]p2R3,d(t, p, q), c3,d(k, (0, 3)) = [t
k(pq)
dk
3 ]pqR3,d(t, p, q),
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